RATE OF CONVERGENCE IN THE ENTROPIC FREE CLT 

G. P. CHISTYAK0Vi^2 ^ND F. GOTZEi-^ 



Abstract. We prove an expansion for densities in the free CLT and apply this result 
to an expansion in the entropic free central limit theorem assuming a moment condition 
of order 8 for the free summands. 

1. Introduction 

Free convolutions were introduced by D. Voiculescu [25], [26] and have been studied 
intensively in order to understand non commutative probability. The key concept here 
is the notion of freeness, which can be interpreted as a kind of independence for non 
commutative random variables. As in classical probability theory where the concept 
of independence gives rise to the classical convolution, the concept of freeness leads to 
a binary operation on the probability measures, the free convolution. Many classical 
results in the theory of addition of independent random variables have their counterparts 
in Free Probability, such as the Law of Large Numbers, the Central Limit Theorem, 
the Levy-Khintchine formula and others. We refer to Voiculescu, Dykema and Nica [2^ 
and Hiai and Petz [15] for an introduction to these topics. 

In this paper we obtain an analogue of Esseen's expansion for a density of normalized 
sums of free identically distributed random variables under moment assumptions on free 
summands. Using this expansion we establish the rate of convergence of the free entropy 
of normalized sums of free identically distributed random variables. 

The paper is organized as follows. In Section 2 we formulate and discuss the main 
results of the paper. In Section 3 and 4 we state auxiliary results. In Sections 5 we 
discuss the passage to probability measures with bounded supports. In Sections 6 we 
obtain a local asymptotic expansion for a density in the CLT for free identically distributed 
random variables. In Sections 7 we study a behaviour of subordination functions in the free 
CLT for truncated free summands. In Sections 8 we discuss the closeness of subordination 
functions in the free CLT for bounded and unbounded free random variables. In Sections 9 
we prove the rate of convergence for a density in the free CLT in oo,+oo). In 
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Sections 10 we prove the rate of convergence for the free entropy of normahzed sums of 
free identically distributed random variables. 

2. Results 

Denote by Ai the family of all Borel probability measures defined on the real line M. 
Let fj, S u he the free (additive) convolution of /i and u introduced by Voiculescu [25] 
for compactly supported measures. Free convolution was extended by Maassen [19] to 
measures with finite variance and by Bercovici and Voiculescu [B] to the class A4. Thus, 
/i ffl z/ = C{X + Y), where X and Y are free random variables such that /i = C{X) and 
u = C{Y). 

Henceforth X, Xi, X2, . . . stands for a sequence of identically distributed random vari- 
ables with distribution /i = C{X). Define mk{fi) := f^u'' fi{du), where A; = 0, 1, ... . 

The classical CLT says that if Xi,X2, . . . are independent and identically distributed 
random variables with a probability distribution fi such that = and m2(/i) = 1, 

then the distribution function -F„(x) of 

y„ := ^^+^^+:-- + ^- (2.1) 

/n 



tends to the standard Gaussian law $(a;) as n — )■ cxd uniformly in x. 

A free analogue of this classical result was proved by Voiculescu [24] for bounded free 
random variables and later generalized by Maassen [19] to unbounded random variables. 
Other generalizations can be found in [7], [S], [13], [IB]-[IB], [21], [SD], [3I]. When the as- 
sumption of independence is replaced by the freeness of the non commutative random vari- 
ables Xi,X2, . . . ,Xn, the limit distribution function of (12. ip is the semicircle law w{x), 
i.e., the distribution function with the density p«,(x) := ^^/{'^ — 2;^)+, x G M, where 
a+ := max{a, 0} for a G M. Denote by fi^ the probability measure with the distribution 
function w{x). We denote as well by the probability measure with the distribution 
function Fn{x). 

It was proved in [^ that if the distribution /i of X is not a Dirac measure, then in 
the free case Fn{x) is Lebesgue absolutely continuous when n>n\ = ni(/x) is sufficiently 
large. Denote by p„(x) the density of -F„(x). 

In the sequel we denote by c(/i), Ci(yu), C2(/i), . . . positive constants depending on /x 
only. By c(yu) we denote generic constants in different (or even in the same) formulae. 
The symbols Ci(/i), C2(/x), . . . will denote exphcit constants. 

Wang [3T] proved that under the condition m2(/i) < 00 the density Pn{,x) of -F„(x) is 
continuous for sufficiently large n and 

Vn{x) < c(/i), X G M. (2.2) 

Assume that 1714(^1) < oo,mi(/i) = 0,m2(/i) = 1 and denote 

^ m3(^ ^ _^ m^ifi) - mKfi) - 1 ^ _^ m^jfi) - mHn) ^ ^ ^ 3) 
n ' " n in n ' 
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Denote as well e„ := (1 — v^l — dn and by /„ the interval of the form 

In := [x : \x - an\ < — - Ci(/i)n"^/^| (2.4) 

with some constant Ci(yu). 

We have derived an asymptotic expansion of p„(x) for bounded free random variables 
Xi, X2, . . . in the paper [Hj. Improving the methods of this paper we obtain an asymp- 
totic expansion of Pn{,x) for the case ms{fi) < 00. 

Theorem 2.1. Let 'm^{^) < 00 and mi(yu) = 0, m2(/u) = 1. Then, for n > ni, 

Pn{x+an) = (l+]-dn-al---anX-(bn--)x'^)py,{enx)-\ — — -^M^==+p„(x) (2.5) 
V 2 n \ nJ ) n^l^^^- [enxY 

for X G In — ttn, where Pn{x) is a continuous function such that < Pn{x) < c{fi) and 
fr „ Pn(x) dx < c(u)n~'^. Morcovcr, 

c{p) 



Pn{x)dx<^. (2.6) 



Here and in the sequel we denote by 6' a real- valued quantity such that \9\ < 1. 
Corollary 2.2. Let m^{p) < 00 and mi{p) = 0, m2(/i) = 1. If m^lp) 7^ 0, then 

\pn{x) -pUx)\dx='^^^^^ + ec{p){\anf^ + n-'), n>ni. (2.7) 



If m^{p) = 0, then 

\Pn{x) - pUx)\ dx = ^'^^^^^ ~ ^' + n>m. (2.8) 

In [H] we proved analogue results for bounded free random variables. 

A much stronger statement than the classical CLT - the entropic central limit theorem 
- indicates that, if for some uq, or equivalently, for all n > no, Yn from fl2.ip have 
absolutely continuous distributions with finite entropies h{Yn), then there is convergence 
of the entropies, h{Yn) — )■ h{Y), as n — )■ 00, where F is a standard Gaussian random 
variable. This theorem is due to Barron [2J. Recently Bobkov, Chistyakov and Gotze [10] 
found the rate of convergence in the classical entropic CLT. 

Recall that, if the random variable X has density /, then the classical entropy of a 
distribution of X is defined as h{X) = — f^f{x) log f{x) dx, provided the positive part 
of the integral is finite. Thus we have h{X) G [— c>o, 00). 

Let z/ be a probability measure on M. The quantity 

X{^) = I I ^og \x - y\u{dx)u{dy) + ^ + ]-\og27i, 

called free entropy, was discovered by Voiculescu in [28]. Free entropy x behaves like 
the classical entropy h. In particular, the free entropy is maximized by the standard 
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semicircular law w with the value x{i^) = |log27re among all probability measures with 
variance one [15], [29]. Wang [31] has proved a free analogue of Barron's result. We give 
the rate of convergence in the free CLT for free random variables with a finite moment 
of order 8. Previously we proved in [T3] an analogous result for bounded free random 
variables. 

Corollary 2.3. Let m^{^) < oo and rriilfi) = 0, m2(yu) = 1. Then, for n > ni, 

/ \ /"/"ii I/X/X77 3 1,^ mo(/i) „c(u) 
XM= / \og\x-y\pn{x}pn{y)dxdy+- + -\og2TT = x{w} + 

Suppose that the measure v has a density p in L'^(]R). Then, following Voiculescu [29] . 
the free Fisher information is 

$(z/) = I p{xf dx. 



It is well-known that = 1. We obtain the following result for free random variables 

with finite moment of order 8. 

Corollary 2.4. Let 'm^{^) < oo and mi(/i) = 0, m2(/i) = 1. Then 

^l^n)= [ Pnixrdx = ^w) + '^^ + 9^-^, n>n,. (2.9) 
Jr n n I 

3. Auxiliary results 

We need results about some classes of analytic functions (see p]. Section 3. 
The class N (Nevanlinna, R.) is the class of analytic functions f{z) : C+ {z : 9^ > 
0}. For such functions there is an integral representation 

/I ~1~ uz /* / 1 u \ 
T{du) = a + hz+ / -]{l + u^)T{du), z G C+, 
u — z J \u — z 1 + 

R R 

(3.1) 

where 6 > 0, a G M, and r is a non-negative finite measure. Moreover, a = 3?/(z) and 
r(M) = '^f{i) — b. From this formula it follows that f{z) = (6 + o{l))z for z G C"*" 
such that 1 3^2; I/O" 2; stays bounded as \z\ tends to infinity (in other words 2; — )■ 00 non 
tangentially to R). Hence if 6 7^ 0, then / has a right inverse f^~^^ defined on the region 
r^./S := {z G C+ : \^z\ < a'^z, '^z > (3} for any a > and some positive f3 = /3{f, a). 
A function / G A/" admits the representation 

m=f"-^. .ec^ (3.2) 

J u- z 

R 

where a is a finite non-negative measure, if and only if supj^>]^ \yf{iy)\ < 00. Moreover 
cr(M) = -\imy^+^iyf{iy). 
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For n E M., consider its Cauchy transform G^{z) 

G,W=/^^M. ,ec^ (3.3) 
The measure /x can be recovered from G^{z) as the weak hmit of the measures 
fiy{dx) = QGJx + iy) dx, a; G R, y > 0, 

TT 

as ?/ 4 0- If function '^G^{z) is continuous at x G M, then the probabihty distribution 
function D^{t) = oo,t)) is differentiable at x and its derivative is given by 

D'^ix) = -^G,ix)/n. (3.4) 

This inversion formula allows to extract the density function of the measure fi from its 
Cauchy transform. 

Following Maassen [19] and Bercovici and Voiculescu J6\, we shall consider in the fol- 
lowing the reciprocal Cauchy transform 

= (3.5) 

The corresponding class of reciprocal Cauchy transforms of all yU G will be denoted by 
J-". This class coincides with the subclass of Nevanlinna functions / for which f{z)/z — )■ 1 
as z — 7- oo non tangentially to M. 

The following lemma is well-known, see |T], Th. 3.2.1, p. 95. 

Lemma 3.1. Let a be a probability measure such that 

Then the following relation holds 

hm z ^ [G^,{z) — = man (3.7) 

uniformly in the angle 6 < a.Tgz < tt — 6, where < 6 < 7t/2. 

Conversely, if for some function G{z) G M the relation (\3.7\i holds with real numbers 
nik for z = iy,y ^ oo, then G{z) admits the representation (13. 3p . where ^ is a probability 
measure with moments (13.61) . 

As shown before, F^{z) admits the representation (13. ip with 6=1. From Lemma [3.11 
the following proposition is immediate. 

Proposition 3.2. In order that a probability measure fi satisfies the assumption (13.60 . 
where mi(/i) = 0, it is necessary and sufficient that 

F,{z) = z+ [ zeC\ (3.8) 

.L u- z 
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where t is a nonnegative measure such that m2n-2{T) < oo. Moreover 

[k/2] 

= ^ ^ ms^{T) . . .ms^{r), k = 2,...,2n. (3.9) 

1=1 siH \-si=k-2,Sj>0 

Voiculescu [28] showed for compactly supported probabihty measures that there exist 
unique functions Zi, Z2 G J-' such that G^-^Sf^^{z) = = G^^{Z2{z)) for all 

z G C"*". Using Speicher's combinatorial approach [23] to freeness, Biane [S] proved this 
result in the general case. 

Chistyakov and Gotze [12], Bercovici and Belinschi [1], Belinschi [5], proved, using 
complex analytic methods, that there exist unique functions Zi{z) and Z2{z) in the class 
J-" such that, for z G C"*", 

z = Ziiz) + Z2{z) - F^,iZ,iz)) and F^, (Zi(z)) = F^, (Z2(z)). (3.10) 

The function F^-^{Zi{z)) belongs again to the class J-' and there exists E M. such that 
F^^{Zi{z)) = F^{z), where F^{z) = 1/G^{z) and G^{z) is the Cauchy transform as in 
(13. 3p . The measure /i depends on /ii and fi2 only and /i = /xi ffl /i2- 

Specializing to /xi = /i2 = ■ ■ ■ = /^n = write /^i ffl ■ ■ ■ ffl /i„ = /i"^. The relation (13.101) 
admits the following consequence (see for example [12], Section 2, Corollary 2.3). 

Proposition 3.3. Let fi E Ai. There exists a unique function Z E T such that 

z = nZ{z)-{n-l)F^{Z{z)), z G C+, (3.11) 
and F^„m{z) = F^{Z{z)). 

Using the representation (13. ip for Ffj,{z) we obtain 

F,W = ^ + Sf„W+/<i±i^^ll<^?^. z..C\ (3.12) 

J u z 

R 

where r is a nonnegative measure such that t(M) = QFf^{i) — 1. Denote z = x + iy, where 
x,y eR. We see that, for Qz > 0, 

(1 + u^) T{du) 



^(nz-{n-l)Ff,{z)^ =y(l-{n-l)I^{x,y)'^, where I^{x,y) := j 



X) + y 



For every real fixed x, consider the equation 

y{l-{n-l)I^{x,y)^ =0, y>0. (3.13) 

Since y 1— I^{x,y), y > 0, is positive and monotone, and decreases to as ?/ — )■ 00, it is 
clear that the equation (I3.13P has at most one positive solution. If such a solution exists, 
denote it by yn{x). Note that (13.130 does not have a solution y > for any given x G M 
if and only if /^(x, 0) < l/(n - 1). Consider the set S := {x eR: I^{x, 0) < l/(n - 1)}. 
We put yn{x) = for X G 5. We proved in [H], Section 3, p. 13, that the curve 7„ given 
by the equation z = x + iyn{x), x G M, is continuous and simple. 
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Consider the open domain Dn := {z = x + iy, x,y & M. : y > 

Lemma 3.4. Let Z E he the solution of the equation (13. lip . The function Z{z) maps 
C+ conformally onto Dn- Moreover the function Z{z), z G C^, is continuous up to the real 
axis and it establishes a homeomorphism between the real axis and the curve '-fn- 

This lemma was proved in [14j (see Lemma 3.4). The following lemma was proved as 
well in [14j (see Lemma 3.5). 

Lemma 3.5. Let /i be a probability measure such that mi(/i) = 0,m2(yu) = 1. Assume 
that J^u\>y/ {n~i)/8 \i{du) < 1/10 for some positive integer n > 10^. Then the following 
inequality holds 

\Z{z)\ > v/(n-l)/8, 2GC+, (3.14) 
where Z ^ T is the solution of the equation (13. lip . 



4. Free Meixner measures 

Consider the three-parameter family of probability measures {/ia.fc.d :aGM, 6< l,d < 
1} with the reciprocal Cauchy transform 

^ ^ . =a + ^({l + b){z-a) + y/{l-bnz-ay-A{l-d)'), z e C, (4.1) 

which we will call the free centered (i.e. with mean zero) Meixner measures. In this 
formula we choose the branch of the square root determined by the condition '^z > 
implies 3(1/G'^^^^(z)) > 0. These measures are counterparts of the classical measures 
discovered by Meixner [20]. The free Meixner type measures occurred in many places in 
the literature, see for example [11], \22\ . 

Saitoh and Yoshida |22j have proved that the absolutely continuous part of the free 
Meixner measure fj,a,b,d, a G M, 6 < 1, < 1, is given by 

y4(r^dy^^ir^6)2o^r^^ 

when a - 2^1 - d/{l - b) < x < a + 2^1 - d/{l - b), where 

f{x) := bx"^ + a{l - b)x + 1 - d; 

Saitoh and Yoshida proved as well that for < 6 < 1 the (centered) free Meixner 
measure fia,b,d is ffl-infinitely divisible. 

As we have shown in [13], Section 4, it follows from Saitoh and Yoshida's results 
that the probability measure /ia„,f)„,d„ with the parameters a^, 6„, dn from (12. 3 p is ffl- 
infinitely divisible and it is absolutely continuous with a density of the form (14. 2 p where 
a = a„, b = bn,d = dn for sufficiently large n > ni(/i). 



(4.2) 
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5. Passage to measures with bounded supports 



Let us assume that fi E Ai and mgin) < oo. In addition let mi(/i) = and m2(/i) = 1. 
By Proposition [331 there exists Z{z) G J-" such that (13.111) holds, and F^nm{z) = 
Hence F^^^{z) = F^{y/nSn{z)) / y/n, z G C+, where Sn{z) := Z{y/nz)/ y/n. Since mi(/i) = 
0, m2(/i) = 1 and m^{^) < oo, by Proposition 13.21 we have the representation 



where r is a nonnegative measure such that t(R) = 1 and m6(r) < oo. Consider a 
function 



This function belongs to the class J-" and therefore there exists the probability measure 
fj,* such that F^*{z) = F{z), z E M. The probability measure /x* depends of cause on n. 
Moreover we conclude from the inversion formula that fi*{[—\/n — 1/3, i/n — 1/3]) = 1 
for n > ni(/i). By Proposition 13. 2[ we see as well that 



Let X* , XI, X2, ... be free identically distributed random variables such that C{X*) = 
yU*. Denote /x* := C{{X* + ■ ■ ■ + X*)/y^). As before, by Proposition 13.31 there exists 
W{z) e J" such that fl3TT]) holds with Z = W and fi = fi*, and F(^*)„ffl(;z) = F^*{W{z)). 
Hence F^*^{z) = F^*{y/nTn{z))/ y/n, z G C+, where Tn{z) := W{y/nz)/ y/n. In the sequel 
we need information about the behaviour of the functions T„(z) and Sn{z). By Lemma [331 
these functions are continuous up to the real axis for n > ni{fi). Their values for 2; = x G M 
we denote by T„(x) and Sn{x), respectively. In order to formulate next results about T„(z) 
we introduce some notations. Denote by Mn{z) the reciprocal Cauchy transform of the 
free Meixner measure fJ'a„,b„,d„ with the parameters an,bn and dn from (12. 3p . i.e.. 





mi(/i*) = 0, m2{fi) — m2(/i*) = r(R \ [—Vn — l/n, \Jn — 1 /vr] ) < c(/i)n ^, 
and |mj(/i) - mj{^*)\ < c{fi)n-^+^^-^'^/\ j = 3, . . . , 8. 



(5.1) 




z G C+. 



Denote by Dn the rectangle 




where h := C2{f^)n~^^'^ with some constant C2(yu). 

Repeating step by the step the arguments of Section 7 (see Subsections 7.2-7.7) of our 
paper ^14j we establish the following result. 
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Theorem 5.1. Let ^ E M. such that m^{^) < oo and = 0, m2{fi) = 1. Then there 

exists the constant C2(/i) such that the following relation holds, for z G -D„ and n > 

Tjz) = MJz) + , """'^^^ =, (5.2) 

where \rnj{z)\ < c(/i), j = 1, 2. 

In Section 7 of this paper we shall give more detailed explanations of the proof of this 
theorem. 

By Lemmas 13. 4[ 13. 5[ > 1.03/3 for z G C+ U M and for n > ni{fi). It is obvious 

that the same estimate holds for Mn{z). Since 

G,,{^) = V^G,,{V^Uz)) = [ n (^-4) 

[-v^?n/3,v^n^/3] 

we conclude that G^. (z) is a continuous function up to the real axis. Denote its value 
for real x by Denote G[,^{z) := 1/T„(z), z G C"*". This function is continuous 

up to the real axis as well. Therefore fin and /i* are absolutely continuous measures with 
continuous densities pn{.x) and pj^(x), respectively, 

Pn{x) = -lim-^ = --^7 



£^0 vr Tn{x + ie) n Tn{x)^ 
pI{x) = -limi$5G^.(x + z£) = 

In addition, p„(x) < 1 and < 50 for all x G M and n > ni{fi). Let C2(/i) be the 

constant defined in Theorem 15.11 and as before h = C2(/i)n~^/^. 

Theorem 5.2. Let fi E Ai such that ms{^) < oo and mi{^) = 0, m2{^) = 1. Then, for 
X G /„ := {x G R : |x — a„| < ^ — h} and n > ni[jj), the following relation holds 

p„(x) =Vn[x-an)+ , , (5.5) 

nV^^4:-{en{x-an)Y 

where 

Vn{,x) := fl + ^ - - - - a„x - - - -)x^)p^(e„x), x G M. 

V 2 77, V 77/ / 

Before to prove Theorem 15.21 we shall make the remark. 

Remark 5.3. Using the arguments of this paper and the paper[T3] one can prove the 
following result. 
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Let n E such that m^^fi) < oo and mi(/i) = 0, m2{fi) = 1. Then, for x E In '■- 
{x E R : \x — ttnl < f — "^(n)}) have 

*/ X / N o(l/n) 

P„{X) = Vn{x - an) + 



a/4 - {en{x - a„))2 
Proof. We shall use the following estimate, for x G M, 

+ -\qn{x) - qn{x)\, (5.6) 
n 

where 

qn{x) := ^ ■■ , . and := 5^ 



n~Mn{xy' ""^ ^ TT T„(x)3 

By (15.21) . we easily obtain the upper bound, for x E In and n > ni(/i), 

\Pnix)-pn , , a;)| < , ""^^^ = (5.7) 

and, by (15. 3p . we have 

Since, by (jOJ, 



b:(^)-Pn(x)--g„(x)|<^. (5. 



J4(l - dn) - (1 - 6„)2(X - a„)2 ~ ^ ^ , n . X 

^= 2vr(6„x2 + a„(l - hn)x + 1 - d„) ' ^ ^ ^= [an-2/e„, a„+2/e„], (5.9) 
we easily conclude that 

{^) = (l + y - «n - an(a; - an) - (bn - al){x - an)^)p^(e„(x - a„)) + c(/i)^n"^/2 

(5.10) 

for X e /„. Using (Q and the lower bounds |T„(x)| > 1.03/3, |M„(x)| > 1.03/3, for 
X G M, we obtain 

\qn{x) - qn{x)\ < -\Tn{x) - Mn{x)\( ^ + ] + ^ 

TT \\Mn{x)Tn{xy\ | M„ (x)^T„(x)^ | |M„(x)^T„(x) | 

< (5.11) 

n3/V4 - (e„(x - a„))2 
On the other hand it is not difficult to show that 

g„(x) := ^ V(4(l - dn) - (1 - bn^ix - a„)2) + 
ovr 

^ 3((1 + 6„)X + (1 - bn)an)^ + (1 - fen)'(x - On)' - 4(1 - ^„) ^ 

(6„x2 + (1 - fe„)a„x + 1 - dn)^ 
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which leads to the relation 

qn{x) = ((x - anf - l)pyj{en{x - an)) + c{fi)9{\an\ + n'^) (5.12) 

for X G /„. 

Applying (Q, (ESD, (l5AT]) and (I5J0|) . (I5A2|) to (ES]) we arrive at the statement of 
the theorem. □ 

6. Local asymptotic expansion 

First we note that Theorem 12.11 follows immediately from Theorem l5.2l and the following 
auxiliary result. 

Theorem 6.1. Let fi E Ai such that m^{^) < oo and mi{fi) = 0, m2(/i) = 1. Then there 
exists a constant Ci{fi) in fl2.4p such that the following relation holds 

Pn{x) = Pn{x) + , ^^.^^^ + Pn{x), Xe In, n> ni(/i), 

where pn{x) is a continuous function such that < pn{x) < c(/i) and Jj pn{x) dx < 
c{p)n~'^. 



We prove Theorem 16. H using the following auxiliary result on the closeness of the 
functions Sn{z) and Tn{z). 

Theorem 6.2. Let p satisfy the assumptions of Theorem \<6.1\ Then there exists a constant 
Ci(/i) in (12. 4p . such that for x E L^ and n > ni{fi), 

\Sn{x) - Tn{x)\ < , ""^^^ . (6.1) 

n^/W^-Mx-an))' ^ ' 

We shall prove this theorem in the next section. Return to the proof of Theorem 16. 1[ 

Proof. Represent the density Pn{x) of the measure pn in the form 

Pn{x) = Pnl{x) + Pn2{x), X E R, (6.2) 

where Pnj{x) > 0, x E M, j = 1, 2, and, for z E C"*", 

fj,{du) f Pni{u) du 



h{z) :- 
h{z) :- 



Z — U 



fJ.{du) f Pn2{u) du 



\u\>V^/3 ^niz) - U/ y/n 



Z — U 



Since Xwciy^+^iyhiiy) = Iiu\>^^/3 l^i^^) = lRPn2{u) du, we note that 

Pn2{u) du < c{jj,)n~^. (6.3) 
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Since S'„(x), x G M, is a continuous function and |S'„(x)| > 1.03/3 for all a; G M, we easily 
see that, for x G M, 



Pni{x) = 



li{du) 



|«|<v^/3 Sn{,x) -u/y/n 



and that Pni{x) is a continuous function on the real line. In view of ( 12. 2p . is a 

continuous function on the real line and Pn{x) < c(/i), x G M, for n > ni{fi). Therefore 
we conclude from (16. 2p that Pn2{x) is a continuous function on the real line and Pn2{x) < 
c(/i), X G M, for the same n. 
Now we may write 

pI{x) -Pniix) = l3,i{x) + h,2{x) 



^ - /|«|<v^/3 'S'„(x) -u/y/n J\u\<y^/3 Tn{x) - uj ^) 



+ 9/ '7/'"f"> . (6.4) 

By Theorem 16.21 and the inequalities |S'„(x) —uj\/n\ > 0.01, |T„(x) —u/y/n\ > 0.01 for 
X G M and \u\ < y/n — 1/3, we conclude that, for x G /„, 

" J\u\<^/3 \Sn{x)-u/V^\\Tn{x)-u/V^\ " n^/ V4 - (e„(x - a,))^ ' 
On the other hand we note that, for x G M, 

h,2[^) = ^{ ^?73Z + + 



T^{x)n T^(x)n3/2 T^{x)n'^ J Tn{x)—u/y/n 

\u\<^^n^/3 



Using (15. ip . we obtain 



|/3,2(a:)|<^, XGM. (6.6) 



Applying ( 16. Sp and ( 16. 6p to ( 16. 4p . we have, for x G 

-Pni(a:)| < , ==. (6.7) 

n6/5^4_ (e„(x-a„))2 

It remains to note that the statement of the theorem immediately follows from ( 16. 2p . ( 16. 3p 
and dEZD- 

□ 



7. Proof of Theorem 15.11 



In this section we show how using arguments of Section 7 from ^14j one can obtain 
a proof of Theorem 15.11 
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Repeating the arguments of Subsection 7.2 we deduce that Tn{z) satisfies the functional 
equation, for z G C"*", 

T^{z) - zT^iz) + m,{f,*)T!{z) + ^-^T^{z) + ^-^Uz) - = 0, (7.1) 

where Cni{z) := 4 ^17^^' ^"2(2;) := m^{^i*) - z/y/Ti, Cnz{z){z) := 771^(^1*) + Cni{z) - 
zm^^fi*) / y/n and Cn4:{z){z) := m^^fi*) + Cni{z). As in Subsection 7.3 from [H] we obtain 
estimates for the functions (nj{z),j = 1,2,3,4 in the domain D* := {\^z\ < 4, < '^z < 
3} 

4 

\u{z)\ < c(/.)n-v^ Yl ^ ^(/^)- (7-2) 

i=2 

For every fixed z G consider the equation 

Q\z, w) := w — zw + m2(/i )w H H w — = 0. (7.3) 

y/n n 

Denote the roots of the equation (17.31) by Wj = Wj{z), j = 1, . . . 

As in Subsection 7.4 [H] we can show that for every fixed z E D* the equation 
Q{z, w) = has three roots, say Wj = Wj{z), j = 1, 2, 3, such that 

\w, \ < r' := C3{fi)n-'/^ j = 1,2,3, (7.4) 

and two roots, say Wj, j = 4, 5, such that \wj\ > r' for j = 4, 5. 
Represent Q{z,w) in the form 

Q{z, w) = {w'^ + siw + S2){w^ + giw"^ + g2W + 5-3), 

where + giw"^ + g2W + g^ = {w — wi){w — W2){w — w^). From this formula we derive 
the relations 

si + gi = -z, S2 + sigi + g2 = m2{n*), S2gi + Sig2 + g^ = 



525-2 + 515-3 = , 5253= o " ('•^) 

n 

By Vieta's formulae and (I7.4p . note that 

|5i|<3r', |52|<3(r')^ I53I < (r)'- (7.6) 
Now we obtain from (17. 5p and (17. 6p the following bounds, for z E Di, 

|si|<5 + 3r', |m2(/i*)-S2| <3r'(4r' + 5) < 16r'< ^. (7.7) 





< 




92 


92 


n 




n 
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Then we conclude from (15. ip . (17. 2p . ( I7.5p -( rr71) that, for the same 

< ^ + ^ + [r 

n-^' \S2\ \S2\ n 

< ll(r')' + 8(r')' + {r'f = 20(r')' < c(/i)n-3/l ^7_g) 

Now repeating the arguments of Subsection 7.4 we deduce the inequahty 

- a„ - 6„2| < c(/i)n-3/2, zgD*. (7.9) 

To find the roots and W5, we need to solve the equation w"^ + siw + S2 = 0. Using 
rSj) . we have, for j = 4, 5, 



^.■ = o( -Si + (-l)^/s?-4s, 



= \{z + 9i + (-l)V(^ + - 4(m2(/i*) + (z + - (72)) 

= ^ + ^1 + {-^y\J{z - giY - 4m2(/i*) - 4(^2 _ _ ^r„3(2;) + a„+ 

+ ^((1 + 6„)(z - a„) + (-1)^ (1 - 6„)'(^ - - 4(l - d„) + r„4(^)), (7.10) 

where 

rn2.{z) ■■= 9i-an- bn{z - a„), 

rniiz) := -3r23(2;) - 2r„3(2;)(4a„ + (1 + 36„)(2; - a„)) + 4(1 - m2(/i*)) 
+ 4(5(2 - nii{^)/n) - Ahn{z - a„)(2a„ + 6„(z - a„)). 

The quantities r„3(2;) and rn4_{z) admit the bound (see Subsection 7.4 and 7.5 from 

M) 

\rnz{z)\ + |r„4WI < c{^^)n-^'\ z E D*. (7.11) 

We choose the branch of the analytic square root according to the condition ^104(1) > 0. 

As in Subsection 7.6 from [H] we prove that w^i^z) = Sn{z) for z e D„, where h = 
C2{ij)n~^/'^ with some sufficiently large constant C2(/i) which does not depend on the 
constant c(/i) in fl7.1ip . Since the constant C2(/u) is sufficiently large, we have, by (17. lip . 

\rnz{z)\/\{{l-hnf{z-anf-A{l-dn)\<lQ~\ z E D^. (7.12) 
For z G Dn, using formula (I7.10p with j = 4 for Sn{z), we write 

Mn{z) - Sn{z) = -^r„3(z) 

_ 1 rnijz) 

2 - hnY{z - a„)2 _ 4(1 - dr,) + v/(l - &„)2(^ - a^Y - 4(1 - rfj + U{z) ' 

(7.13) 
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Using (17.121) and the power expansion for the function (1 + ^)^/^, \z\ < 1, we easily rewrite 
(I7.13P in the form 

Mn{z)-Sn{z)= (7.14) 

^(1 - hnY{z - anf - 4(1 - dn) 

where |r„5(z)| < c(/i)n~'^/^. The relation (15. 2 p immediately follows from (I7.14p . 
Using (15. 4p . we conclude that 

r (,-\- ^ \ ^ \ ^ ! u^fi*{du) + 

Since |T„(2;)| > 1.03/3 for z G C+ and n > ni{fi), we arrive at (15. 3p . 

8. Proof of Theorem 16.21 
In order to prove this theorem we need the following auxiliary results. 
Proposition 8.1. For Zi,Z2 E T„,(C+), 

\Ty'\z,) - Ti-'\z,)\ < cif^)\z, -z,l n> n.ifi). 
Proof. Using the formula 

Ti-'\z) =nz- ^F^,{z^) = z - / ^ z G C+, 8.1 



we have the relation, for 2:1,^2 E C"*", 

Ti-'\z,) - Tt'\z,) = {z, - z,) (l-{n- 1) 



/n— I/tt 



T{du) 



f^l-K (u - ziy/n){u - Z2y/n)J' 

Since, by Lemma 3.5, \u — Z\fn\ > 10^'^^/n for \u\ < y/n — l/vr and z G T„(C+), we 
immediately arrive at the assertion of the proposition. □ 

Recalling the definition of the function Z{z), we see, by Lemma 13.41 that the func- 
tion Sn{z) maps C"*" conformally onto Dn, where Dn := {z = x + iy,x,y E : y > 
yn{x^/n)/ y/n}. Denote by % a curve given by the equation z = x + iyn{x), where 
yn{x) = yn{xy/n)/ y/n. The function Sn{z) is continuous up to the real axis and it estab- 
lishes a homeomorphism between the real axis and the curve 7„. 

Note as well that the function Tn{z) maps C"*" conformally onto £)*, where : = 
{z = X + iy,x,y E M : y > y^{x y/n) / y/n} . Here ?/j^(a;) is defined in the same way as 
y„(x) if we change the measure /x by /i*. By definition of the measure /i*, we see that 
Vni^) — Unix). Hence Sn{C~^) C Tn{C^). Denote by 7* a curve given by the equation 
z = X + iy^{x), X G M, where ijnix) = y^{xy/n)/ y/n. The function T„(z) is continuous up 
to the real axis and it establishes a homeomorphism between the real axis and the curve 
7*. Moreover, if xi < X2, then Tn{xi) < T„(x2). 
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Proposition 8.2. For z G S'„(C+), 



n — 1 f T{du) 



Proof. Using f lS.ip and the formula 

n — 1 



z) = nz — 



z — 



'n ./to u - Zx/n 

we have, taking into account that S'„(C+) C T„(C+), 



•2) 



\Sl-'\z)-Ti-'\z)\ 



n — 1 



n 



T{du) ''"({I'^l > \/'n — l/vr}) 



< 



'^z 



for z G S'„(C+), proving the proposition. 

Proposition 8.3. For xi,X2 G /„, we have the estimate 

\xi — X2I + n~^/^ 



□ 



\Tn{xi) - Tn{x2)\ < c{iJ,) — 



=i,2{a/4 - {cnixj - a„))2} 



mini 



Proof. By Theorem 15.11 we have the following relation 



-3/2 



V(e„(xi - a„))2 - 4 A/(e„(x2 - cin))^ - 4' 



where Xi, X2 G /„. On the other hand it is easy to see that 

(1 + bn){Xi - X2) 



1 

+ 7:- 



(1 - bn)'^{xi - X2){Xi +X2- 2ar. 



2 ^(1 - 6„)2(xi - a„)2 - 4(1 - d„) + v/(l - bny{x2 - a„)2 - 4(1 - d^) ' 
Moreover, we have, for Xi,a;2 G /„, 



■4) 



v/(l - 6„)2(xi - a„)2 - 4(1 - d„) + v/(l - fen)2(x2 - a„,)2 - 4(1 - d^) 
> i(|V4(l-rf„)-(l-M'(a;i-«n)2| + 1^4(1 -rf„)-(l-M'(a:2-a„)2|). 



In view of this bound and (18. 3p . (18.41) . we easily obtain the assertion of the proposition. □ 
Proposition 8.4. For x G In, the following formula holds 

Tn{x) = a„ + ^((1 + hn){x - a„) + (1 - h^)^ {x - a^f - A/ el) + -^^^= 
where |r„5(x)| < c{ix)n~^^'^. 



Proof. The proof immediately follows from Theorem 15.11 



□ 
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Let h* = n~^/^. Denote 
K '■= Bl := Tn{xl^), where <i := a„ - 2/e„ + h* , x^.^ := a„ + 2/e„ - /i*. 

From Proposition 18.41 we see that, for |a; — a„| < ^ — /i*, 

5>T„(a;) < ^(1 - 6„)V4/e2 -(x-a„)2 + cifi)ih*f < 2. 
Moreover we note as well that 

\^Tnix)\ < \an\ + ^{l-bn)\x-an\+ciii){h*Y. 

Therefore 

^Vh* <QAl<Vh*, ^Vh* <QB*<Vh* (8.5) 

and 

\^Al - a„ + l/e„| + \m* -an- l/e„| < 2h*. (8.6) 

Since Tn{x), x G M, is a homeomorphism between the real axis and the curve 7* and 
3fJT„(xi) < 3ftT„(x2) for xi < X2, we see that the function y*(a;) satisfies the inequality 

lvj^<y:ix)<2 for < X < 3?i?:. (8.?) 

We saw before that yn{x) > yi^(a;), x G M. In the following proposition we evaluate the 
distance between these functions. Denote r]n := t({|m| > Vn- — 1/Tr}){h*)~^^'^. It is easy 
to see that r]n < c(/i)ra~^/^. 

Proposition 8.5. For 3?y4* < x < 3f?i?*, tfe /iawe i/ie estimate 

< yn(a;) - y;(x) < c{fi)r]n. 

Proof. For 3fJy4* < x < 3fti?* and 2; = x + i{yn{x) + f ) with < < 3, we have the 
following lower bound, using (18. 6 p and (18. 7p . 

r((iM) /" T{du) 



^ I nv{2y*^{x) +v)T{du) ^ c{fi)y*{x)v 



\u\<V^/n {{u - x^/^y + n(y*(x) + w)2) 



2 



n 



and the upper bound 



T{du) ^ t{{\u\ > Vn-l/n}) 



\u\>V^/7r {u - ^x^/H.y + n(y*(x) + v)^ n{y*^{x)f 
Applying (18. 8p and (18. 9p to the formula (18. 2p we see that, for the x considered above, 
'^Sn ^\x + i{y^{x) + Vq) > 0, where Vq = c(/x)r({ |m| > \/n — l/3})/{y*{x))^ with some 
constant c(/i). By (18. 7p . we arrive at the assertion of the proposition. □ 
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Consider the points An := A* + ih^ and Bn := -B* + ih^, where h± > is chosen in 
the way such that An G 7„ and Bn G 7„. Denote Xni '■= Sn ^\An) and Xn2 '■= Sn ^\Bn). 

Proposition 8.6. The following inequalities hold 

l-^nl -^nl I ~l" \-^n2 '^n2 | ^ ci^fl^Tjn- 

Proof. Write 

By Propositions 18.11 and 18.51 we have the upper bound 

\Tt'\K) - Tt'\An)\ = \Ti-'\A:) - Tt'HA: + zh.)\ < c{f^)r^n. 
Moreover, by Proposition 18.21 and the estimate (18.51) . we obtain 

\Ti-'\An) - Si-'\An)\ < ri{\u\ > V^^/n}/QAn < 4t{{\u\ > V^r^/n}/^!?. 
Hence 

Kl -Xnl\< c(/i)?7„. 

The same estimate holds for |a;*2 — Xn2\- Thus, the proposition is proved. □ 

Now we can complete the proof of Theorem 16.21 Consider the interval [xni, Xn2], where 
Xni '■= max{Xni,Xni} and x„2 := niin{x*2, a;„2}- Note that, by Proposition 18.61 — 
a„ + 2/e„| < c(/i)n"^/^ and |x„2 — o-n — 2/e„| < c{fi)n~^^^. 

Let X G [xni,Xn2]- Siucc Sn{x) G 7„ and T„(a;) G 7*, by Proposition 18. 5[ there exists 

h{x) e[0,c{fi)r]n] (8.10) 



such that Sn{x) — ih{x) G 7*. By Proposition 18.11 

iTt'HSnix)) - Tt'KSnix) - thix))\ < c{^i)h{x) < c(/i)r7„ 
and, by Proposition 18.21 and the lower bound in (18. 7p . 



|T<->(S„(x)) - S«-')(S„(x))| < :yf^^"» < .im^^EIMl, 

^^Sn{x) y/h* 

Using the last two bounds we obtain 

\Si-'\Sn{x)) -Tt'\Sn{x) -Zh{x))\ 

< \Tt'\Sn{x)) - St'\Sn{x))\ + \Tt'\Sn{x)) - Ti~'\Sn{x) - zh{x))\ < c{^^)^^. 

(8.11) 

Denote x := Tn ^\Sn{x) — ih{x)). This point lies in [5;ni,5;„2] and, by (18. lip . |a; — 5;| < 
c{fi)rin. It remains to note that 

\Tn{x) - Sn{x)\ < \Tn{x) - T„(x)| + \Tn{x) - Sn{x)\ = \Tn{x) - T„(5)| + \h{x)\. 



Rate of convergence 



19 



It follows from Proposition 18.31 and the relation flS.lOp that 

r]n + n~^/^ 



|T„(x) - Sn{x)\ < C{ll)- 



v/(2/e„)2 - (x - anf 
The statement of the theorem immediately follows from this inequality. 



9. Asymptotic expansion of |p„(a;) -pw{x)\dx 

In this section we shall prove Corollary 12.21 Indeed, by the estimate (12.61) . we have, 
for n > rii, 



\Pnix) - p^uix)\ dx = / \pnix) - Py,{x)\ dx + 9 



n 



6/5 ■ 



(9.1) 



First let us assume that ms ^ 0. Using Theorems 15.21 16.11 we easily conclude that 



\Pnix) - pw{x)\ dx = \pI{x) - pin{x)\ dx + 9 \p*^{x) - p^^ix) - p{x)\ dx 



-2,2] 



1(1 - a„x)p^(x) -Pw{x + an)\dx + 6'c(/i)(|a„|^/^ + n ^) 



[ \x\^^=£ldx + 9c{f,){K\'/' + n-'] 
27r J[-2,2] v4-a;2 



2\ar, 



Applying this relation to (19. ip we get the expansion (12. 7p . 
Let m3 = 0. By Theorems 15.21 and 16. H we get 



\Pn{x) -Pw{x)\ dx 



1 



2,2 



p.^{x) -Pw{ — ) + (\dn - - - f&„ - ]Pw{X] 

e„ Vz n \ nJ ei 



dx^^cifi) 



n 



6/5 



|2(^n - f ) - (4(&n -i)+\dn-l-hn + \dn)x^ + - ^jx^' 



+ 9 



27r J [-2,2] 

c{fi) |m4-2| 



n 



6/5 27rn 



-2,2] V4 - X2 

Taking into account (19.10 we obtain (12. 8p . 



V4 - x2 

|2 _ + a;2| ^ ^c(^ ^ 2|m4-2| _^ ^c(/i) 



6/5 



Tin 



n 



6/5 



■ dx 
(9.2) 
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10. Asymptotic expansion of the free entropy and the free Fisher 

information 

In this section we prove Corollaries 12.31 and 12.41 First we find an asymptotic expansion 
of the logarithmic energy E{fin) of the measure /i„. Recall that (see [15]) 



Einn) = / log |x - y\ Hn{dx)nnidy) = hifXn) + hil^n) ■-- 





\og\x - y\ finidx)finidy) + / \og\x - y\ iJ,nidx)finidy). 

(10.1) 

Using (12. 2 p and (12. 6p . we conclude that 

\h{l^n)\<4: Pn{x) / \ log \x -y\\pn{y)dydx <c{n) / Pn{x) dx 

7r\7„ Jm. JR\In 

< c{fi)n-^^^. (10.2) 
By (12. 5p . we have 

hifJ'n) = / log \x - y\vn{x - an)vn{y - an) dxdy + c{iJ.)6n~^/^ 

log \x — y\ Vn{x)vn{y) dx dy + c{ix)6rr^^^ . (10.3) 
Recalling the definition of fn(x) we see that 

log |X - y\ Vn{x)Vn{y) dx dy = ii{Vn) + /2(Wn) + hiVn) + hiVn) + Tn 
1 , o 1\2 





■=(l + -dn-al ) / / log\x - y\p^{enx)pw{eny)dxdy 

-2(l + -dn-al )a„ / / x log |x - ?/|p^(e„x)p^(e„?/) c/xc/y 

+ al / xy\og\x -y\pi,{enx)pu){eny)dxdy 
J Jr2 

-2(bn-al-^^ / x"^ log \x -y\py,{enx)py,{eny)dxdy + c{fi)en~^^^. (10.4) 



In view of -E(/i^) = 1/4 and e„2 = 1 — (i„ + 26„ + c(yu)6'r;, log e„ = ^ — 6„ + c(yu)6'ra 2, 
note that 

hivn) = (1 + ^'^n - al - e'"^ J j log \x - y\pw{x)pwiy) dxdy - loge„^ 

= -Eifi^) + ^ + cifi)en-'. (10.5) 
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Since the function f^\og\x — y\pw{y) dy is even, we see that hivn) = 0. In order to 
calculate Isi^Vn) we easily deduce that 

J upu,{u) log\x — u\ du = —X + /6, xg[— 2,2]. 

Therefore we obtain 

2 

hi^n) = —cin / xpu,{x){x — x^ /6) dx + cdj^jOn^"^ = — + c{ix)9n~'^ . (10.6) 

J -2 3 

Using the following well-known formula (see [12], p. 197) 

. X, , , , 1 
J pi,{u) \og\x - u\du = — - -, xG[-2,2J, 

we deduce 

/ / x^ \og\x - y\ pw{x) pw{y) dx dy = I x^ -]^pyj{x) dx = 

Therefore 

U{vn) = c{^i)dn-\ (10.7) 
By fllO.3p - fllO.7p . we arrive at the formula 

Finally, in view of f|T(U|) -f |To:2l) . we get 

o 

and we obtain the assertion of Corollary 12.31 

Now let us prove Corollary 12.41 We shall show that the free Fisher information of the 
measure fin has the form (12. 9p . Denote 

$(/i„) = $i(/xj + <l'2(/in) := — / Pn(a;)^rfa; + — / Pn^xf dx. (10.8) 

-J Jin -J JR\Ir. 

As before we see that, by (12. 6p . 

$2(/in) < c(/i) / Pnix) dx < c{fj)n-''l\ (10.9) 

On the other hand, by (15.50 . we have 

$i(^„) = l^ f Vn{xf dx + c{fi)en-^'^ . (10.10) 
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It is easy to see that the integral on the right hand-side of (110. 101) is equal to 

1 + sf^dn - - -))e.;;^ / Pw{x)^ dx - sfbn - al- [ x'^pyj{xf dx 
\2 n) ) ^ 

+ 'ialel'' [ x^pUxf dx + c{fi)en-'/^ = A(i + + c{fi)en-^'/' . 
Jr 47r 

Therefore we finally have by (fTo:8D - (fTo:TO|) 

= l + al + c{ix)9n~^/^ = <l>(/i„) + al + c{^j)en-^'^. 
Thus, Corollary 12.41 is proved. 
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